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ON DEGENERATE CARLITZ q-BERNOULLI POLYNOMIALS
TAEKYUN KIM
Abstract. In this paper, we consider the degenerate Carlitz q-Bernoulli num-
bers and polynomials and we investigate some properties of those polynomials.
1. Introduction
Throughout this paper, Zp, Qp and Cp will, respectively, denote the ring of p-
adic rational integers, the field of p-adic rational numbers and the completion of
the algebraic closure of Qp. Let νp be the normalized exponential valuation of Cp
with pp = p
−νp(p) = 1
p
. When one talks of q-extension, q is variously considered as
an indeterminate, a complex number q ∈ C, or p-adic number q ∈ Cp. If q ∈ C, we
assume that |q| < 1. If q ∈ Cp, we assume |q−1|p < p
− 1
p−1 so that qx = exp(x log q)
for |x|p < 1. We use the notation [x]q =
1−qx
1−q . Note that limq→1 = x.
In [3], L. Carlitz considered q-Bernoulli numbers as follows:
β0,q = 1, q(qβq + 1)
n − βn,q =
{
1, if n = 1,
0, if n > 1,
(1.1)
withe the usual convention about replacing βn1 by βn,q. The q-Bernoulli polynomials
are defined by
βn,q(x) =
n∑
l=0
(
n
l
)
βl,qq
l[x]n−lq , (see [6]). (1.2)
In [2], L. Carlitz defined the degenerate Bernoulli polynomials which are given
by the generating function to be
t
(1 + λt)
1
λ − 1
(1 + λt)
x
λ =
∞∑
n=0
βn(x|λ)
tn
n!
, (see [2, 3]). (1.3)
When x = 0, βn(x)(λ) = βn(0|λ) are called the degenerate Bernoulli numbers. Note
that limλ→0 βn(x|λ) = Bn(x), where Bn(x) are ordinary Bernoulli polynomials.
Let UD(Zp) be the space of uniformly differentiable function on Zp. For f ∈
UD(Zp), the p-adic q-integral on Zp is defined by Kim to be
Iq(f) =
∫
Zp
f(x)dµq(x) = lim
N→∞
1
[pN ]q
pN−1∑
x=0
f(x)qx, (see [6]). (1.4)
The Carlitz’s q-Bernoulli polynomials can be represented by p-adic q-integral on Zp
as follows: ∫
Zp
[x+ y]nq dµq(y) = βn,q(x), (n ≥ 0). (1.5)
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Thus, by (1.4), we get∫
Zp
e[x+y]qtdµq(y) =
∞∑
n=0
βn,q(x)
tn
n!
, (see [1-8]). (1.6)
From (1.6), we can derive the following equation:
βn,q(x) =
1
(1 − q)m
m∑
j=0
(
m
j
)
(−1)jqix
j + 1
[j + 1]q
, (m ≥ 0). (1.7)
In this paper, we consider the degenerate Carlitz q-Bernoulli polynomials and num-
bers and we investigate some properties of those polynomials.
2. Degenerate Carlitz q-Bernoulli numbers and polynomials
In this section, we assume that λ, t ∈ Cp with |λt|p < p
− 1
p−1 . In the viewpoint of
(1.3), we consider the degenerate Carlitz q-Bernoulli polynomials which are given
by the generating function to be∫
Zp
(1 + λt)
1
λ
[x+y]qdµq(y) =
∞∑
n=0
βn,q(x|λ)
tn
n!
. (2.1)
When x = 0, βn,q(λ) = βn,q(0|λ) are called the degenerate Carlitz q-Bernoulli
numbers.
Now, we observe that∫
Zp
(1 + λt)
[x+y]q
λ dµq(y) =
∞∑
n=0
∫
Zp
( [x+y]q
λ
n
)
dµq(y)λ
ntn
=
∞∑
n=0
∫
Zp
(
[x+ y]q
λ
)
n
dµq(y)λ
n t
n
n!
,
(2.2)
where
(
[x+y]q
λ
)
n
=
[x+y]q
λ
×
(
[x+y]q
λ
− 1
)
× · · · ×
(
[x+y]q
λ
− n+ 1
)
.
Now, we define [x+ y]n,λ as
[x+ y]n,λ = [x+ y]q ([x+ y]q − λ) · · · ([x+ y]q − (n− 1)λ) , (n ≥ 0). (2.3)
Therefore, by (2.1), (2.2) and (2.3), we obtain the following theorem.
Theorem 2.1. For n ≥ 0, we have∫
Zp
[x+ y]n,λdµq(y) = βn,q(x|λ).
Let S1(n,m) be the Stirling number of the first kind which is defined by (x)n =∑n
l=0 S1(n, l)x
l, (n ≥ 0). Then, by (2.2), we get∫
Zp
(
[x+ y]q
λ
)
n
dµq(y) =
n∑
l=0
S1(n, l)λ
−l
∫
Zp
[x+ y]lqdµq(y)
=
n∑
l=0
S1(n, l)λ
−lβl,(x).
(2.4)
Therefore, by (2.2) and (2.4), we obtain the following theorem.
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Theorem 2.2. For n ≥ 0, we have
βn,q(x|λ) =
n∑
l=0
S1(n, l)λ
n−lβl,q(x).
Note that limλ→0 βn,q(x|λ) = βn,q(x).
Corollary 2.3. For n ≥ 0, we have
βn,q(x|λ) =
n∑
l=0
l∑
j=0
S1(n, l)
(1− q)l
(
l
j
)
(−1)jqjx
j + 1
[j + 1]q
λn−l.
We observe that
(1 + λt)
[x+y]q
λ =e
[x+y]q
λ
log(1+λt) =
∞∑
n=0
(
[x+ y]q
λ
)n
1
n!
(log(1 + λt))
n
=
∞∑
m=0
(
[x+ y]q
λ
)m
1
m!
m!
∞∑
n=m
S1(n,m)
λntn
n!
=
∞∑
n=0
(
n∑
m=0
λn−mS1(n,m)[x+ y]
m
q
)
tn
n!
.
(2.5)
Thus, by (2.5), we get∫
Zp
(1 + λt)
[x+y]q
λ dµq(y) =
∞∑
n=0
(
n∑
m=0
λn−mS1(n,m)
∫
Zp
[x+ y]mq dµq(x)
)
tn
n!
=
∞∑
n=0
(
n∑
m=0
λn−mS1(n,m)βm,q(x)
)
tn
n!
.
Replacing t by 1
λ
(
eλt − 1
)
in (2.1), we get∫
Zp
e[x+y]qtdµq(y) =
∞∑
m=0
βm,q(x|λ)
1
m!
1
λm
(
eλt − 1
)m
=
∞∑
m=0
βm,q(x|λ)λ
−m
∞∑
n=m
S2(n,m)
λntn
n!
=
∞∑
n=0
(
n∑
m=0
βm,q(x|λ)λ
n−mS2(n,m)
)
tn
n!
,
(2.6)
where S2(n,m) is the Stirling numbers of the second kind.
We note that the left hand side of (2.6) is given by∫
Zp
e[x+y]qtdµq(y) =
∞∑
n=0
∫
Zp
[x+ y]nq dµq(y)
tn
n!
=
∞∑
n=0
βn,q(x)
tn
n!
.
(2.7)
Therefore, by (2.6) and (2.7), we obtain the following theorem.
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Theorem 2.4. For n ≥ 0, we have
βn,q(x) =
n∑
m=0
βm,q(x|λ)λ
n−mS2(n,m).
Note that
(1 + λt)
[x+y]q
λ =(1 + λt)
[x]q
λ (1 + λt)
qx [y]q
λ
=
(
∞∑
m=0
[x]m,λ
tm
m!
)(
∞∑
l=0
qlx
λl
[y]lq (log(1 + λt))
l
l!
)
=
(
∞∑
m=0
[x]m,λ
tm
m!
)(
∞∑
k=0
(
k∑
l=0
λk−lqlx[y]lqS1(k, l)
)
tk
k!
)
=
∞∑
n=0
(
n∑
k=0
k∑
l=0
[x]n−k,λλ
k−lqlx[y]lqS1(k, l)
(
n
k
))
tn
n!
.
(2.8)
Thus, by (2.8), we get
∞∑
n=0
βn,q(x|λ)
tn
n!
=
∞∑
n=0
(
n∑
k=0
k∑
l=0
[x]n−k,λλ
k−lqlx
∫
Zp
[y]lqdµq(y)S1(k, l)
(
n
k
))
tn
n!
=
∞∑
n=0
(
n∑
k=0
k∑
l=0
(
n
k
)
[x]n−k,λλ
k−lqlxβl,qS1(k, l)
)
tn
n!
.
(2.9)
Therefore, by (2.3), we obtain the following theorem.
Theorem 2.5. For n ≥ 0, we have
βn,q(x|λ) =
n∑
k=0
k∑
l=0
(
n
k
)
[x]n−k,λλ
k−lqlxS1(k, l)βl,q.
For r ∈ N, we define the degenerate Carlitz q-Bernoulli polynomials of order r
as follows:
∫
Zp
· · ·
∫
Zp
(1 + λt)
[x1+···+xr+x]q
λ dµ1(x1) · · · dµq(xr)
=
∞∑
n=0
β(r)n,q(x|λ)
tn
n!
.
(2.10)
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We observe that∫
Zp
· · ·
∫
Zp
(1 + λt)
[x1+···+xr+x]
λ dµq(x1) · · · dµq(xr)
=
∞∑
m=0
λ−m
∫
Zp
· · ·
∫
Zp
[x1 + · · ·+ xr + x]
m
q dµq(x1) · · · dµq(xr)
1
m!
(log(1 + λt))
m
=
∞∑
m=0
β(r)m,q(x)λ
−m
∞∑
n=m
S1(n,m)
λn
n!
tn
=
∞∑
n=0
(
n∑
m=0
λn−mβ(r)m,qS1(n,m)
)
tn
n!
,
(2.11)
where β
(r)
m,q are the Carlitz q-Bernoulli numbers of order r.
Therefore, by (2.10) and (2.11), we obtain the following theorem.
Theorem 2.6. For n ≥ 0, we have
β(r)n,q =
n∑
m=0
λn−mβ(r)m,qS1(n,m).
Replacing t by 1
λ
(
eλt − 1
)
in (2.10), we have∫
Zp
· · ·
∫
Zp
e[x1+···+xr+x]qtdµq(x1) · · · dµq(xr)
=
∞∑
m=0
β(r)m,q(x|λ)
1
m!
λ−m
(
eλt − 1
)m
=
∞∑
m=0
β(r)m,q(x|λ)λ
−m
∞∑
n=m
S2(n,m)
λntn
n!
=
∞∑
n=0
(
n∑
m=0
λn−mβ(r)m,q(x|λ)S2(n,m)
)
tn
n!
.
(2.12)
The left hand side of (2.12) is given by∫
Zp
· · ·
∫
Zp
e[x1+···+xr+x]qtdµq(x1) · · · dµq(xr)
=
∞∑
n=0
β(r)n,q(x)
tn
n!
.
(2.13)
By comparing the coefficients on the both sides of (2.12) and (2.13), we obtain the
following theorem.
Theorem 2.7. For n ≥ 0, we have
β(r)m,q(x) =
n∑
m=0
λn−mS2(n,m)β
(r)
m,q(x|λ).
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We recall that
∫
Zp
f(x)dµq(x) = lim
N→∞
1
[pN ]q
pN−1∑
x=0
f(x)qx
= lim
N→∞
1
[dpN ]q
dpN−1∑
x=0
f(x)qx,
where d ∈ N and f ∈ UD(Zp).
Now, we observe that
βn,q(x|λ) =
n∑
l=0
S1(n, l)λ
n−l
∫
Zp
[x+ y]lqdµq(y), (2.14)
and
∫
Zp
[x+ y]lqdµq(y) =
1
[m]q
m−1∑
i=0
qi[m]lq
∫
Zp
[
x+ i
m
+ y
]l
qm
dµqm(y)
=[m]l−1q
m−1∑
i=0
qiβl,qm
(
x+ i
m
)
,
(2.15)
where l ∈ Z≥0 and m ∈ N.
Therefore, by (2.14) and (2.15), we obtain the following theorem.
Theorem 2.8. For n ≥ N≥0, m ∈ N, we have
βn,q(x|λ) =
n∑
l=0
m−1∑
i=0
S1(n, l)λ
n−l[m]l−1q q
iβl,qm
(
x+ i
m
)
.
From (1.4), we note that
qIq(f1)− Iq(f) = (q − 1)f(0) +
q − 1
log q
f
′
(0), (2.16)
where f
′
(0) = df(x)
dx
∣∣∣
x=0
.
By (2.16), we get
qβn,q(x+1|λ)− βn,q(x|λ) = (q− 1)λ
n
(
[x]q
λ
)
n
+
n−1∑
l=1
S1(n, l)λ
n−ll[x]l−1q q
x, (2.17)
where n ∈ N.
Therefore, by (2.17), we obtain the following theorem.
Theorem 2.9. For n ≥ 0, we have
qβn,q(x+ 1|λ)− βn,q(x|λ) = (q − 1)λ
n
(
[x]q
λ
)
n
+
n−1∑
l=1
S1(n, l)λ
n−ll[x]l−1q q
x.
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